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Mechanical Vibrations Closed Book Exam

MENG 470 Time: 2 Hours

Final Exam Monday: 19/4/1425 H
PART |

Select the most appropriate answer from the multiple choices given:

1. Which one of the following is a valid application for the Principle of Virtual Work?

a. Solve an eigenvalue problem for a system
Find the static equilibrium of a system

c. Find the dynamic equilibrium of a system

d. Determine the stability of a system

2. D’Alembert’s Principle can be used directly to derive the differential equations of motion
for a dynamic system.

True
b. False

3. A single-degree-of-freedom system has only one natural frequency.

@ True

b. False

4. The real part of the solution to the characteristic equation for a single-degree-of-freedom
system is zero. Which one of the following best describes the system?
a. Underdamped
b. Unstable
@ Undamped
d. Nonperiodic

7. All of the normal modes of a multi-degree-of-freedom system are orthogonal, except for rigid

body modes.
True
b. False

8. If a multi-degree-of-freedom system is positive semi-definite, which one of the following is not
true?
a. The stiffness matrix is positive semi-definite
The eigenvalues of the system cannot be determined
c. The system has at least one rigid body mode
d. The system has at least one eigenvalue with a value of zero



9. If the modes, u, of a multi-degree-of-freedom system are normalized with respect to the mass
matrix, [m], the expression [u]'[m][u] yields the identity matrix.
True
b. False

10. Which one of the following is not a characteristic of a continuous dynamic system?

a. The equations of motion are partial differential equations
The system response cannot be calculated
c. The system has an infinite number of degrees of freedom
d. Both boundary conditions and initial conditions must be specified

11. Which one of the following is not required to perform a modal analysis of a continuous
system?

a. Calculate the natural frequencies
b. Calculate the natural modes
c. Normalize the natural modes

@ Calculate Rayleigh’s Quotient

12. The flexibility and the stiffness matrices are the inverse of one another.
True
b. False

13. The element stiffness matrices are always singular unless the boundary conditions are applied.
True
b. False

14. The finite element method is:

a. an approximate analytical method
a numerical method
c. an exact analytical method

15. What cause whirling of rotating shafts?
a. Mass unbalance
b. Fluid friction in the bearings
c. Gyroscopic forces
@ All above.

16. To measure mechanical vibrations, we use:
Accelerometers and signal analyzer.
b. Sound level meters.
c. Exciter and exciter controller.
d. All above.



17. The fundamental natural frequency of a system is a:

a. The largest value
The smallest value
C. Any value.

18. When a two degree of freedom system is subjected to a harmonic force, the system vibrates at
the:
@ Frequency of applied force.
b. Smaller natural frequency
c. Larger natural frequency.

19. The response of an undamped system under resonance will be:

a. Very large.
@ Infinity.
c. Zero.

20. Gibbs phenomenon denotes an anomalous behavior is the Fourier series representation
of a:
a. Harmonic function.
Periodic function.
c. Random function
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Solutions
(a)

Equations of motion
m i, ==kx, =k, (x —x,)

myX, ==k, (x, =)

Equations of motion in matrix form
m

0 TE] [k +k, =k x 0
+ —
|0 my || X% | | -k k, | x, 0

The substitution of numerical values yields

o MG TEH

Mi+Kx=10
where

9 0 27 -3 :
M=|: :|[{=[{=[ ]and‘.b: \’.=’11]
0 1 -3 3 and x,

Assume the solution as . Then, and . Substitution of these yields

Fom . Jeva i as F et
x=ue™, X=joue’™ aX=-o ue . §

—91+27 -3
{ ]u =0

-3 —-A+3




b 0%

where . The characteristic equation of the system is
—04+27 -3
det i =0
-3 -A+3
(=92+27)(=A+3)-3-3=0
94 —(1:2749:3)A+27-3-9=0
94 =544472=0

AP—6i+8=0
(A=2)(A-4)=0
A =24

So, the natural frequencies are
o, =2 o,=J4=2

(b)
Let modes be u for 1%m = ‘E and for. WLPn = 2
A0 =0, =J§ )

The equations becomes

—0.2427 =3
u =10
=3 =243

9 -3

u =10
-3 1
O, —3u, =0
=31, +u, =0

Ao =o,=2)
The equations becomes

-9-4+27 -3
u =0
-3 —443

-9 -3
[ }u1='l]
-3 -1

{—91:2, —3u,, =0

—3!{_11 —u,, = ]

(©)

1 1
Uy, =—=u

=a, .

Far ]
the modal equations yield 3 uand 3 7. Let= =1. Then, "i¥n



1 1
w=(3|. u,=| 3|.
1 1
The general solution becomes

x(t)=Au sin(e +¢ )+ Au, sin [m-;;" + ¢, ]

o sy oo
_xl_ %4“11(&?4‘@1)—%’igsi“('zf_"ﬁf’s}
L2 Atﬁill(ﬁf+¢1)+‘41 sin(2¢ +¢,)

and its velocity:
|:-i'| 1 %a;nl A cos (\E:‘ + ¢, )— %a}”_.!f-f.l cos ( 2+, )

@, A cos (-\EH@", )+m”zﬂ_1 cos(2t+¢, )

By substituting the initial conditions, four equations rise
1 : 1 2 . :
5| E{ sin ¢, —5.42 sing, | _ E:| - {;J; a?ngﬁl _/,:z .afn A sing — 4 sing, =3
L2 A sing, + 4, sing, T R ~ |4 sing +4,sing, =0
[ 1 2
5\554'1 cos ¢, — 3 Ay cosg, | {D} ) \EAI cos ¢ — 24, cc
0 \5,41 cosdh +24, cc N

ol | 1.5}1'1 cos @, + 24, cos ¢,
\Ezil cos¢h —2.4, cosgh, =0
_\EA‘, cos¢h + 2.4, cosgp, =0

where there are four parameters: , ,, . Adding the third and fourth equations yields AL 4 ¢,

Z\E—Il cosgh =0

so that . Therefore, the fours equation reduces to $=mn

24, cosg, =0

so that . Substitution of the values of and into the first and second equations yields

¢£ =x"~2-¢1¢2
A-4,=3
_z'f.l + '11 ={

which has solutions =3/2 and =-3/2. Thus 44,

l-isin(ﬁHE]—l-[—E]sin[2I+£]
{;]_32 2) 3\ 2 2 _{ﬂjmsﬁmn_ﬁmﬂ

X _ .
isin \Er+£ +isin 21‘+£ LJRos A~ 1.2 0008 2L
2 2 2 2

2.

F



(d)

Uncoupled equations of motion is
i+ o 3:-'_Jr, =0 {f,il +2n,=0

_sz +.5:;r,lzlir;r3 =) ~ i, +4n, =0

We want to simulate this uncoupled system with initial conditions , for the coupled system.
Uncoupled initial conditions are , , so we will find the modal matrix first. Modal vectors can be
x(0)=x,, X(0)=x,

represented as 0 = U’ Ms, . so we m, = U MxqU

H, U,
u, = u, =
3, - 3u,
)

Thus, =3, =-3. Conditions for orthonormality is U, so that orthonormal modal vectors are thus

e oTa
SMu, = [u, ali.rl_] A . J—l
___f;‘_ur

aa, L 0 m,
1 | r 1 1 1 1
ym+ma’ | | Jor1.3t | [0.2357] ym+ma? | | Jo+1-(=37 | [02357
u, = = = u = .= = =
! a, 3 07071 ¢ ¢ a, 3 | ~0.7071
\J’m, rmya’ || V9 +1.3° _Jm, emga, | | 9+1-(-3)° | u
Modal matrix is therefore
0.2357 0.2357 M o
= 0.7071 —-0.7071 ‘MU=
: — (Check U) L0 1

Uncoupled initial conditions are

& 0.2357 07071 |9 01 2.1213
n,=U Mx, = =
0.2357 -07071(10 10 1.1213
) P 0.2357 0.7071 |9 0}0 0
N, =UMx, = =
0.2357 070710 1|0 0

1.2 7
@y My Ty
[y

sin[a;” [ Htan”

ml

= 1_1213sin[ﬁ:+ ’;]

Ja; z.f.r z+r}' :
¥ L1734 2 Siﬂ[

[ ¥

*\ 2 2
Ol | _ ¥2:2.1213% +0 sin[.ﬁfﬂmrl V2 2.1213]
flor V2

mit)= .1+ tan

[ ¥

LB s ]_ V2221213 +0°

sin[2r+tan
"?ZI 2’

L 2-2.1213
0

=2.12135in[2:+g]



Finally,

= o
2.12135 2t +
am[-\.' 2] {U.Scos fo+U.5cos 2:]

()= Un(t) 0.2357 0.2357
x i _'rl =
0.7071 -0.7071 1.5cosv2f—1.5cos 2t

2.12135111[2:+§]

F, cosmt

'\Q’\/— " —’\,’V}'}/\;— o

The force vector is given by

| [ {-} \‘
F=| |coset
‘!JE

(@)

Because the systems are undamped, solutions can be assumed as
X, A,
=| _ |cosa
| X2 A z
Substituting this into the differential equation, we obtain
—wtm +k +k, -k, Xl o
I —k, —o'm+k, | X, | F

9-0*+3) -3 [X,].J0
-3 o +3 | X, | |

(e

We hence obtain

1 :

, F,
X | g 0 1 9Y-m*+3) =3 0] |3(0* -2)0*-4)
X F,| 9o®-2)0’-4) -3 - +3 || F, -0 +3 i

(0" =)@ —4) 2

(i)

Forces in the uncoupled systems become



0.2357 -0.7071 || F, cos2t —0.7071F, cos2t

The uncoupled equations of motion are therefore
{ #, + 2, = 0.7T171F, cos 2t

if, + 41, ==0.7171F, cos 2t
The steady-state solutions are

= 0.2357 0.7071 0 0.7071F, cos 2t
N=UF= =

A 0.7071F,
nit)=—7"——coset =— = cosmi
K fg}nz - 2—m?
n,(t)= ;—Izcns ol = m;:osmr
.~ = 4—m"
0.7071F. 1
2 - 05 ol
R L - T 32-0" ) 4-0")
x — — =
. 0.7071 -0.7071| 0.7071F, -’ +3
=z COs ol COs
4—m (2= )Y4-0")
Therefore
1
F,
|:X|}= 32-0')4-0%) *
X, -’ +3 5

2-0*)4-0") °
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Answer:
Parameters

MZI kg LZI m

M=4 kg 9=0.2 m

k=10 N/m
(@)

The equation of motion is given by
Mi+k(x—ab)=0

mLO +mgl0 —ak(x—a0)=0 > mL0 + - mLl*0 +(mgL+a* kP —akx=0
Consequently,

M o B
s A

(b)

Assume and 0. Then *= XN cosmi= @ cosmi

~0*+10 -2 X1 [o
-2 -40*+4396) O] |0

Then



(o2 +10)-40? +396)-4=0
o) e Rl .
(Co2+10)-02+9.9)-1=0
®'=1990°+98=0

©’=8.95,10.95 %=
Natural frequencies

®=2.99,3.31

i) =8.95 ™

.05 -27x]_ 0
-2 38| |0
X=1906=0

®=0353%
Orthnormality condition

o 1 Of
u, Mu, =[i, 0.53x, =1
0 4| (.53
0.69
I.I|=
0.36
i) =8.95 M
-095 -27x] [o
-2 -42|e] |o
X+2.100=0

= =-0.48X
Similarly,

0.72
u., =
to-035

U 0.60 0.72

1036 -0.35
(c)
x(0)=0,3(0)=3,.0(0)=00(0)=5%, /L

7 0.69 036 1 00 0
N, =U Mx, = =
072 =035(0 40 0
. _— 0.69 036 |1 0] x, 0.69
n,=U Mx, = =
0.72 -035]0 4] x, 0.72

Then



2 2 i
VO, Moy g

nl

=0.71%,5in(2.99¢)

f T

(i3] +

n_ = n2 Moz + Mo &in
2

(1) =

© Mo ]= V8.95-0+(2.13%,)°

sin| @ ¢ +tan '
Yior 2.99

si|1[2.99f +tan’ w]

3.31-C

O, Mg, | _ V109504 (-0.68, )

{m 4 tan” ninr? 317 + tan !

2 - 2 - F
© + 10.95-0 + (-0.68x; 3.31-0
n, (=" Mo "Mz, @ .0+ tan 1 Onallez | _ J ( ) sin| 3.31¢ + tan ' -
., Nay 3.31 —0.68x,
=0.21%, sin(3.31¢)
Finally,

0.69  0.72 7[0.71%,sin(2.99¢)] _[%,10.49sin(2.991)+0.15sin(3.31¢ )
0.36 —0.35

x(t)= U'l(f?':[ 0.21%, sin(3.31¢) | | %, {0.265in(2.99¢)-0.07sin(3.31¢)}
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Boundary conditions

w(0)=0
w(0)=0
w (L)=0

EmW"(L)=kw(L)

Characteristic equation

w(x)= Asin\fﬁx +chs\fﬁx+ Csinh \/BI-I'DCDSII V/Ex

w'(x) =B (Acos{Bx—Bsin\{fx+Ccosh\/B x+Dsinh /B x)
w'(x) = B(~Asiny/Bx—Bcosy/Bx+Csinh/Bx+ Dcosh/Bx]|
w”(x) = ByJB (-4 cos[Bx+ BsinBx+CcoshBx+Dsinh/B x|

w(0)=4+C=0
C=-4



w IIL [ 45111\{_L BCOSJ_L 4511111\!_15 BcnsllJ_L} 0

5111\/_L+smh\f_L
- cc-s\/_LTcoah\f_L

Em"™(L) EI,B([ A[__cosﬁL+cc-shﬁL:]+B(sinﬁ£—sjnhﬁ[ﬂ
=R[A sin ﬁi—sinhﬁL:]-i-Bt:cosﬁL —cosh\/ﬁLﬂ

Efﬁﬁi —{:cosﬁl,—coshﬁj: |- %;li\/@i;z]:;\{ﬁi [gillﬁL—SiﬂhﬁL}]

:ki_l::sin\/ﬁi,—silﬂlﬁi] 5::\/\/:?:223;\!\{__?{{:05\/_1& cosh\/_L]
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Figure 5
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2
®'m |
12EA,

i
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Let ‘4{? 2}{_1 1 }

2, =0.1640
A, =1.1088

EA, and @, =3.6477 EA,
m,| m, |

=0

m, =1.4029

Mode shapes:

B-6A)u, =(1+4)u, Or: (1+A)u,=(1+24) u,
Let's consider the second equation:

u, | 1+24

u, ) 1+4

— | =0.5773

1

— | =-0.5258

! Mode 2



