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Signal Flow Graph
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Signal Flow Graph

G3
GA!

 Compact alternative notation to the block diagram.

* It characterizes the system by a network of directed
branches and associated transfer functions.

* The two ways of depicting signal are equivalent.
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Signal Flow Graph
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A8,
-
Block Diagram Models
 Block diagrams are used as schematic representations of mathematical models
» The various pieces correspond to mathematical entities
 Can be rearranged to help simplify the equations used to model the system
« We will focus on one type of schematic diagram — feedback control systems
5
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Block Diagram Models

» Processes are represented by the blocks in block diagrams:

variable

> Process

variable

‘)

 Processes must have at least one input variable and at least one
output variable

 Reclassify processes without input or output:

Input
variable

Output

variable
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Block Diagram Models

« Many systems measure their output and use this measurement to control system
behavior

 This i1s known as feedback control — the output is “fed back” into the system

« The summing junction is a special process that compares the input and the feedback
e Inputs to summing junction must have same units!

input )@ >| process > output
I sensor |
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Block Diagram Models

X,(5)
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Block Diagram Models

R(s) + E(s) Y(s)

G(s)
G(s) — <~ SV ey O e
+
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Block Diagram Models

X
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Block Diagram Models
equivalent
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Block Diagram Models
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Block Diagram Models
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Block Diagram Models

Example 1
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Example 2

—————————————————
| S
: s+2
|
|
| ———>~ 6 2 ® Y(S)>
} s2+s+4
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3

s+3 €

s Y(s)
a s2+5+4
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Block Diagram Models

Example 2 cont.

Ss+ 12
R(s) + s+2 " Y(s)
> 55+ 12 ® >
5 1+ e +s5s+4
5s+ 12
6s + 14
3
s+3 €
@ 552+ 12s
65+ 14)(s> +5+4)
R(s) + 2 Y(s)
. 512 + 125 . R(s) " (552 + 125)(3) il
L (65 + 14)(s% + s + 4) 65+ 14)(s2+ 5+ 4)(s + 3)
_ 553+ 2752 + 365
3 - 65% + 3853 + 11352 + 2065 + 168
s+3
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Block Diagram Models

Ry(s) =0
Y, (s)
Rl(s) — 3 l ~2t -
+ $+2 + o

Example 3

(s -?— 2) (%)
Ry(s) Ty(s) = 3 1 Y, (s)
= ’ H (ET:Z) 5) j
3
s2+25+3
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Example 3 cont.

Block Diagram Models

R,(s)
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1
i) =1) (;)
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S —e R
s+ 2
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= 18
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Introduction to Signal Flow

« Alternative method to block diagram representation, developed by
Samuel Jefferson Mason.

« Advantage: the availability of a flow graph gain formula, also called
Mason’s gain formula.

A ssignal-flow graph consists of a network in which nodes are connected
by directed branches.

- It depicts the flow of signals from one point of a system to another and
gives the relationships among the signals.

19
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Fundamentals of Signal Flow Graphs

Consider a simple equation below and draw its signal flow graph:

y = ax

The signal flow graph of the equation is shown below;

X o a cy

Every variable in a signal flow graph is designed by a Node.

Every transmission function in a signal flow graph is designed by a Branch.
Branches are always unidirectional.

The arrow in the branch denotes the direction of the signal flow.

20
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Signal-Flow Graph Models

Gyyls)

Y1(s) = Gr1(s)-Ry(s) + Gya(s)-Ra(s)

Ya(s) = G1(8)-Ru(s) + GoAs)-Ra(s)

ay

. >
r, and r, are inputs and x, and x, are outputs O
tlyq (yn
di1X + a2+ =X
o—»
do1:Xg + doporXo + I = X% b5
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Signal-Flow Graph Models
X, IS Input and x, Is output

X1 = aXg +bXq +CX,

X2 — Xm + eX3
X3 — fXO + gX2 ‘
X4 = hXj

22
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Signal-Flow Graph Models

Construct the signal flow graph for the following set of simultaneous equations.

Xy=Ayx; + Ayx;, xXy=Ayx, + A xy + Asyx, Xy =Agpx,+ Agyx,

» There are four variables in the equations (i.e., X;,X,,Xg,and X,) therefore four nodes are required to
construct the signal flow graph.
» Arrange these four nodes from left to right and connect them with the associated branches.

 Another way to arrange this graph is shown in the figure.
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| | Signal-Flow Graph Models
Terminologies:

« An input node or source contain only the outgoing branches. i.e., X;

» An output node or sink contain only the incoming branches. i.e., X,

« A path is a continuous, unidirectional succession of branches along which no node is passed more than

ones.l.e, X, to X,toX;t0 X, X;toX,toX, X, 10 X5 to X,

« Aforward path is a path from the input node to the output node. i.e.,
X, 1o X, to X5 to X,, and X, to X, to X,, are forward paths.

» A feedback path or feedback loop is a path which originates and terminates on the same node. i.e.;
X, to X5 and back to X, is a feedback path.

24
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Signal-Flow Graph Models

Terminologies:
« Aself-loop is a feedback loop consisting of a single branch. i.e.; A,; is a self loop.

The gain of a branch is the transmission function of that branch.

« The path gain is the product of branch gains encountered in traversing a path. i.e. the
gain of forwards path X; to X, to X;t0 X, 1S A,;A3A 3

« The loop gain is the product of the branch gains of the loop. i.e., the loop gain of the

feedback loop from X, to X, and back to X, is Az,A,;
« Two loops, paths, or loop and a path are said to be non-touching if they have no nodes

iIn common.
A A
» -EI .13
X, X,
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Signal-Flow Graph Models

Consider the signal flow graph below and identify the following

Gels)

(ry(5) (2(5) (r5(5) (rals)
Yy R

R(s) ﬁ - . S

) C(5)

Vsis) Vals) Vils)
a) Input node.
b) Output node. Hi(s)
¢) Forward paths. Ho(s)

d) Feedback paths (loops).

e) Determine the loop gains of the feedback loops.
f) Determine the path gains of the forward paths.
g) Non-touching loops

26
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Signal-Flow Graph Models

Consider the signal flow graph below and identify the following

Gels)
G| f.I:l' GQ{S} G}f..'i]l' G4f.5}
R(s) = = ¢ C(s)
* There are two forward path gains;
1. Gl(.T)GQ(SJG3(S)G4(LT)GE(S}G?(S} 2. Glli.i')GgliS)GjliS}G4I[.T}Gﬁ{.TJGT(SJ
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Signal-Flow Graph Models

Consider the signal flow graph below and identify the following

» There are four loops
4. Gy(s)Gg(s)Hs(s)

(:|f5} {}1{5} (:3f5}

R(s) O———(———
/ H(s) \
1. Ga(s)H(s)

2. Ga(s)Ha(s)

3. (;4{5}{;5{5)113{5)
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Signal-Flow Graph Models

Consider the signal flow graph below and identify the following

Ggls)

G?Lr.ﬂ

G| f.ﬂ' Gg(.’.i'} Gﬂ..'i:l' G4f.5}
- i - {1 - O C{.’ﬂ

-

V_q (5)

Ris)

1‘15[5} 1“1_1[5} lrr] (5)

. . H
- Nontouching loop gains; '

Hs(s)

L [Ga(s)H (5)][Ga(s)H2(s)]
2. [Gz (S}Hl {S}J [G.{].{S)GS (S}Hj(ﬂ}]
3. [Ga(s)H 1 (s)][Ga(s)Ge(s) H3(s)]
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Signal-Flow Graph Models

Consider the signal flow graph below and identify the following

a) Input node.

b) Output node.

c) Forward paths.
d) Feedback paths.
e) Self loop.

f) Determine the loop gains of the feedback loops.
g) Determine the path gains of the forward paths.

30
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Signal-Flow Graph Models

Input and output Nodes

a) Input node x;

b) Output node X,

31
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Signal-Flow Graph Models
(c) Forward Paths

X, to X; to X, to X; to X; to X, to X; to X

X, to X; to X; to X

X,t0X,t0X,t0X;t0X,tolXtolX

32

MENG366 - Prof. Saeed Asiri @profsaeedasiri 8/14/2024



aslrAddmel

Signal-Flow Graph Models

(d) Feedback Paths or Loops

X; to X, 10 X,

X, to X 1o X X; 10 X, to X,;
T X 1o X, to X, t T

33
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Signal-Flow Graph Models

(d) Feedback Paths or Loops

X, to X, 10 X, 10 X, Xs to X, to X; to X,

34
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Signal-Flow Graph Models

(d) Feedback Paths or Loops

X, to X, to X, to X, to X, to X,

35

MENG366 - Prof. Saeed Asiri @profsaeedasiri 8/14/2024



aslrAddmel

Signal-Flow Graph Models

(d) Feedback Paths or Loops

X; to X; to X, to X; to X, to X; to X,
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Signal-Flow Graph Models

(e) Self Loop(s)

X, to X;

37

MENG366 - Prof. Saeed Asiri @profsaeedasiri 8/14/2024



aslrAddmel

Signal-Flow Graph Models
(f) Loop Gains of the Feedback Loops

Ay
1
& - -
X, Xa
Aqys A,y A Aga; Az A7 AgsAzg Ay
ApAyy  AggAigAsy A7y Ag7Ase Ags A39 423
A5 Ays Ay,

AgsAse  Aadiadn
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Signal-Flow Graph Models

(g) Path Gains of the Forward Paths

AEZ A43A54‘465‘4T6

A7,

A42‘454A65A?£
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Mason’s Rule (Mason, 1953)

« The block diagram reduction technique requires successive application of

fundamental relationships in order to arrive at the system transfer function.

 On the other hand, Mason’s rule for reducing a signal-flow graph to a single

transfer function requires the application of one formula.
* The formula was derived by S. J. Mason when he related the signal-flow

graph to the simultaneous equations that can be written from the graph.

40
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Mason’s Rule

» The transfer function, C(s)/R(s), of a system represented by a signal-flow graph is;

Where

n = number of forward paths.
P. = the i ! forward-path gain.
A = Determinant of the system
A; = Determinant of the it" forward path

» Ais called the signal flow graph determinant or characteristic function. Since A=0 is the system
characteristic equation.

41
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Mason’s Rule

C(S) B ElPiAi

R(s) A

A = 1- (sum of all individual loop gains) + (sum of the products of the gains of all possible
two loops that do not touch each other) — (sum of the products of the gains of all possible

three loops that do not touch each other) + ... and so forth with sums of higher number of
non-touching loop gains

A; = value of A for the part of the block diagram that does not touch the i-th forward path (A,
= 1 if there are no non-touching loops to the i-th path.)

42
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Signal-Flow Graph Models

Systematic approach

Calculate A from steps 2,3,4 and 5
Calculate A, as portion of A not touching forward path i

1.  Calculate forward path gain P; for each forward path i.
. n
2. Calculate all loop transfer functions SPA.
. A ; 1=
3. Consider non-touching loops 2 at a time C(s) N
4.  Consider non-touching loops 3 at a time R(s) A
5. efc
6.
7.

43 43
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Signal-Flow Graph Models

Example.l
Bl L
There are two forward paths:
P, = G,G,G; P, = G,G,G,
Therefore, C PRA +PRA,
R A
There are three feedback loops
Ly = G1G4Hy, Ly = —G1GG4H;, Lz = —G16G3G4H,
42,
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Signal-Flow Graph Models

Example.l

L =]

o=
¥
*Cy

L

There are no non-touching loops, therefore
A = 1- (sum of all individual loop gains)

A =1-(G,G,H, —G,G,G,H, — G,G,G,H, )

45
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Signal-Flow Graph Models

3

P

[y
¥
ey

L

Example.l

A=1-(G,G,H, - G,G,G,H, — G,G;G,H,)

o There are two forward paths:
Eliminate forward path-1

P, = G,G,G, P, = G,G,G,
A, = 1- (sum of all individual loop gains)+...
A =1
Eliminate forward path-2
A, = 1- (sum of all individual loop gains)+...
A= 2 C PA +PA, G,G,G, + G,G:C,
R A 1~ GG H, + 6,66 H, + G664 H,
46
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Signal-Flow Graph Models

Example.2

1. Calculate forward path gains for each forward path.

2. Calculate all loop gains.

3. Consider two non-touching loops.
L,L, L,L,
L,L, L,L,

47
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Signal-Flow Graph Models

Example.2

4. Consider three non-touching loops.
None.

5. Calculate A from steps 2,3,4.

A=T-(L +L,+L+ L)+ (L L+ L, + Ly +L,L,)

(G,H,G4H¢ +G,H,G,H, + H;G;G4H + H;G;G,H,, )

48
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Signal-Flow Graph Models
Example.2

Eliminate forward path-1
Al — 1 2 (L3 + L4) e
A :1_(G6H6 +G7H7)

Eliminate forward path-2

A, :1_(|—1 +|—2)

A, :1_(GzH2 +G3H3)

49
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Signal-Flow Graph Models

Example.2
Y(s) PA, +PA,
R(s) A
Y(s) GiG,G3Gy[1 = (GgHs +G;H; )|+ GGG, Gy [1 - (G,H, +G3H; )]

R(s) 1-(G,H, +H;G; +GcH¢ +G,H, )+(G,H,GcHg + G,H,G,H; + H3G,GH + H3G;G,H-,)

50
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Signal-Flow Graph Models

Example.3
 Find the transfer function, C(s)/R(s), for the signal-flow graph in figure below.
Gils) G Gy Gals)  Gs(s)

R(s) O - - - -
Va(s) Vs(s) w Vi(s)

H(s)

C(s)

Ge(s)

G7(s)

Ve(s) Vs(s)

H y(s)

o1
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Signal-Flow Graph Models

Example.3

* There is only one forward Path.
Gi(s) _ Gas)

G;(s) Gy(s) Gs(s)
R(s) & = = - - =
Va(s)

V3(s) w Vi (s)

H(s)

C(s)

Ge(s)

Hy(s)

Py = G1(5)G2(5)G3(5)Ga(5)G5(5)

52
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Signal-Flow Graph Models
Example.3

» There are four feedback loops.

ﬂ|['|:| ﬁ:l:\'] ﬁ]{“.:l —_ ﬁ_||:'|':| _ ﬁt [“.:I
Ris) O " ) J - { ) - "
.'.|.-'||_1

Fsis) WJ (5]

Hils)

Y

L1. G,(s)H,(s) L3. G,(5)H,(s)
L2. G,(s5)H,(s) L4, G,(5)G;5(5)G,(5)G:(5)Gs(5)G,(5)Gy(5)

53
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Signal-Flow Graph Models

Example.3
Non-touching loops taken two at a time.

ﬂ|[.'|':| - ﬁ:l:.\'] - ﬁJ{F.:I - ﬁ_||:.'|':| - ﬁ:: [':.:I

Hil5)

¥l

L1and L2: G,(5)H,(5)G,(s)H,(s) L2andL3: G,(s)H,(s5)G,(5)H,(s5)
L1and L3: G,(5)H,(s)G.(5)H,(s)

94

MENG366 - Prof. Saeed Asiri @profsaeedasiri 8/14/2024



aslrAddmel

Signal-Flow Graph Models

Example.3
Non-touching loops taken three at a time.

i | ['.:l ﬁ:l:.\'] ﬁJ{F.:I ﬁ_||:.'|':| ﬁ:: [':.:I
Rix) O r {7 || " { ) - {7 {7} r
.'.|.-'||_1

Fils) W ()

Hil5)

¥l

L4

L1, L2 L3 G,(s)H,(5)G,(5)H,(5)G,(s)H ,(5)

95
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Signal-Flow Graph Models

Example.3

y15) (i-(5]) TR (ig0%) (7s(5)
" {7 " { ) r " " {) "

RS

|I':‘I'.|u

A=1-[G,(5)H,(5)+ G,(5)H,(5) Vil 4 3is) iy ¥yis)
+ G, (5)H, (5)+ Gy (5)G5(5)G, (5)G5(5) G5 (5) G (5) Gy (5)]
Gy (5)H (5) Gy (5)H, () + Gy (5) H, (5) G5 (5) H,y (5)

+ Gy (5)H, (5)G5(s)H, (5)]
—[Gy(5)H,(5)G,(5)H,(5)G;(5)H 4 (5]

Eliminate forward path-1 Hyls]

Ay =1-G,(5)H,(s)

C(s) _ Pihy _ G1(5)G2(5)G3(5)Ga(5)G5(s) — G1(5)G2(5)G3(5)Ga(5)Gs(5)G7 () Ha(s)

R(s) A A
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aslrAddmel

Signal-Flow Graph Models

Example.4
1
:’fl Xﬂ

There are three forward paths, therefore n=3.

C(s) YiciPiA;  PiAg + PyA; + P3Ag
R(s) A A

o7
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aslrAddmel

Signal-Flow Graph Models

Example.4

Pl = AsaAu3AsaPeshgg P, =

58
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aslrAddmel

Signal-Flow Graph Models

Example.4
— .
X, Xa
L = AsrAss | . =
s = AR
L, = A;zAq, LA Ly = A7As7A5A54A03
6 = 777
L3 = Asahas Lio = Ar2As7As6MusP34M03
Ly = ApnAsaPo;
Ly = AssAse
L = AssAr6R67
59
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aslrAddmel

Signal-Flow Graph Models

Example.4
—
Xl
L, L, L,L,
LL, L,Ls
L, L, L,Ls
L, L L,Lg
Ll L8

60
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aslrAddmel

Block Diagram to Signal-Flow Graph

Example. 5:
R(s) 20w

®

H;

X3

C(s)

>

——

MENG366 - Prof. Saeed Asiri

@profsaeedasiri

8/14/2024
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aslrAddmel

Block Diagram to Signal-Flow Graph

Example. 5:

A =1+(G,G,G3G4H3 +G,G3H, +G3G,H; )

Pl _ GleG3G4 , Al == 1
o _C6)_ G,G,G4G,
R(s) 1+G;G,G3G,H;+G,G3H, +G,G,H,

62
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aslrAddmel

Block Diagram to Signal-Flow Graph

Example. 6: —& SRS LY.
+ i+ C
R(S) :. E(S) o >< ’ .(S)
t_ +
- X,
> > G
’_ 2 Y,
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aslrAddmel

Block Diagram to Signal-Flow Graph

Example. 6:

7 loops:

G- (=D, (G- (=D, (G- (-1)-Gy-I];  [(-1)-Gp-1-(-1)];
[(=D)-Gy-(=1)-Gy-1-(=D]; [I-Gp-1-(=D)}; [1-G-1-G;-1-(-1)]
3 ‘2 non-touching loops’:

G- (- D] Gy (=D}, [(-D)-Gp-1-(-D]-[Gy-(-D];
[1-G,-1-(-D)]-[Gy-(-1)].

64
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aslrAddmel

Block Diagram to Signal-Flow Graph

Example. 6:
R(s) 1

Then: A=1+ ZGZ +4GlGZ

4 forward paths: 0, =(-1)-G;-1 4, =1+G,
P =(-1)G;-(-1)Gy-1 4,=1
p3=1'62°1 A3=1+Gl
p4=1'Gz‘1'Gl‘1 A4=1

65
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aslrAddmel

Block Diagram to Signal-Flow Graph

Example. 6:

We have

C(s) _Tp by
R(s) A
G, — G, + 2G1G,

" 1+26G, + 4G4G,

66
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aslrAddmel

Block Diagram to Signal-Flow Graph

Example. 7: | e

« The signal flow graph of the above block diagram is shown below. ~H,

* There are two forward paths. The path gains are
P, = G\GyG,; and P, = G, 1

» - ill = J
» The three feedback loop gains are B ¢
P, = -G H,, P, = GG, H, P, = -GG, H,.
* No loops are non-touching, hence
A=1 '{Pll +P, +P)
» Because the loops touch the nodes of P1, hence « Hence the transfer function T = C/R
A =1 IS
» Since no loops touch the nodes of P2, therefore Tm PA, + P,A, _ G,G,G, + G, + G,G, H, — G,G,G H, + G,G,G, H,
A,=A. A 1 4+ G,H, - G,G,H, + G,G,H,
67
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aslrAddmel

Block Diagram to Signal-Flow Graph

. > G,
Example. 7:
+
+
- Gy —T— Ga E
+
| H,
« The signal flow graph is shown in the figure.
1 1 1
L \ - : ]
R C

» The two forward path gains are
P, = G,G,6, and P, =G\G,

« The five feedback loop gains are
P, = G\GyH,, Py =G,GH,, Py = —G\GyGy,
Py = G H,, and P5; = — G,G;.

« There are no non-touching loops, hence
A=1-(P,+Py+P+Py+P)
= 1 <+ 616263 - GIGIHI - Gz_G; Hl - G,q HI + GIG4
C PA +PA, G,G,G; + GG,
R d 1 -+ GIGZ 3 - GIGZHI = GEG3H1 - Gd ffz + GlGd-

» All feedback loops touches the two forward
paths, hence A, =4,=1
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Electrical System to Signal-Flow Graph ()

1/sC

Example. 8: o I o
+ +
v, LN R v,

Vi(s) = ——1,(s)+1,(R -
Cs

B CsV —CsV — |
V,(s) =1,(s)R m== CsV,(s)—CsV,(s) = 1,(s)

—Cs

. m
()]

Vi (s) 1,(s) Va(s)

69
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aslrAddmel

Electrical System to Signal-Flow Graph ()

Example. 9:

Xg Gy X, *+—

ks k,
e R S - W —

D = F=M;s°X; +k (X, = X,)
A

MMM

N
\

i)  F+hiX,=(Ms?+fis+ k)X

1 [ Ky )

(iii) (—-)F+ — X=X
(ii) kX, = (Mys2+ fos + ky + ky ) X, A \A)7
k,/A (iv) rk”x X

1 1v —_— =
, B ) : :

1/A ki/B
F X1 xﬂ

70
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asiff&mst — 8  — — ———
Electrical System to Signal-Flow Graph ()

Example. 9:
k, /A

F X, X,

The forward path gain is P, = k, /AB. The feedback loop gain is P;, = ki/AB. then A=1-P,, =
(AB— k)/AB and A, = 1. Finally,

X, P, k, Ky

F A AB-ki (M +fis+k)(Mys + fos+ ky + ky) — k2

71
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