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 Basic (Idealized) Modeling Elements

» [nterconnection Relationships -Physical Laws
 Derive Equation of Motion (EOM) - SDOF

* Energy Transfer

 Series and Parallel Connections

 Derive Equation of Motion (EOM) - MDOF
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Key Concepts to Remember

« Three primary elements of interest
— Mass ( inertia) M
— Stiffness ( spring ) K
— Dissipation ( damper ) B
— Usually we deal with “equivalent” M, K, B
* Distributed mass - lumped mass
* Lumped parameters
— Mass maintains motion
— Stiffness restores motion (Potential Energy)

— Damping eliminates motion (ElimirateEnergy ?)  (Damp Energy )

(Kinetic Energy)
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« X : displacement [m] v=3’c=%x

« v : velocity [m/sec] w d/d 2

 a : acceleration [m/sec?] T =E<Ex)=ﬁx_x
« f : force[N] q

+ p : power [Nm/sec] tind Jd7 1

« w : work (energy ) [Nm]

t1
w(t) = wito) + [ p(o) de
1 [Nm] =1 [J] (Joule) fo
—w(ty)+ | (F-%) dt

to
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Basic (Idealized) Modeling Elements

* Spring
— Stiffness Element y — Reality
2
|—> X1 |—> » 1/3 of the spring mass may be considered
f, — —AN— — into the lumped model.
S K Js * In large displacement operation springs are
fo =K (xy—x1) nonlinear.
ox Linear spring
— ldealization a4l / ' '
- nonlinear spring
* Massless / . > brok L
SRR / o - roken spring !!
 Linear S —
— Stores Energy Hard Spring / o
Potential Energy o7 d o
1 Soft Sprin
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Basic Modeling Elements
o Damper e Mass
— Friction Element — Inertia Element
X1 . y b—
/ X
fo ._CI ‘ fo 7 f;
B 2 f 1
S
— Dissipate Ener
pr‘ Jy MX=Y f=f—f,—f,
. i
— Stores Kinetic Energy
T =1 M2
_— 2
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« Newton’s Second Law

« Newton’s Third Law

Lumped Model of a Flexible

Beam

— Action & Reaction Forces

€ ——

NOONNNNN

K

fi =K(x—0)=Kx

Massless spring

NG - fs_-r'

Mi = —f;
Mx = —Kx
MX+Kx=0

_________________

X

S

KM

Z— x

K

OONONNNNN

S S S S S
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Mode
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Understand System Function, Define Problem, and Identify
Input/Output Variables

Draw Simplified Schematics Using Basic Elements

Develop Mathematical Model (Diff. EQ.)

— ldentify reference point and positive direction.
— Draw Free-Body-Diagram (FBD) for each basic element.

— Write Elemental Equations as well as Interconnecting Equations by applying
physical laws. (Check: # eq = # unk)

' — Combine Equations by eliminating intermediate variables.

—_—

Validate Model by Comparing Simulation Results with Physical
Measurements

8
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Single Degree of Freedom

- Define Problem The motion of the object
 Input f ?
- Output =« ?
/
/

* Develop Mathematical Model (Diff. Eq.)
— Identify reference point and positive direction.

B.K.M
IS f

Xs

Y X =+ SIS S S

Kxs = Mg

K

=Bx B
fa= lg
| o

—  Write Elemental M3 = ~Bi — Kx + Mg + f
Equations M3 + B+ Kx = Mg+ f

Mi, + Bx, + Kxy, = Mg+ f

— Draw Free-Body-
Diagram (FBD)

From the undeformed position

From the deformed (static equilibrium) position
« Validate Model by Comparing Simulation Results with Physical Measurement

Mjé'd +Bxd +de =f
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Energy Distribution

« EOM of a simple Mass-Spring-Damper System

SONNNNN

We want to look at the energy distribution of the system. How should we start ?

« Multiply the above equation by the velocity term v : < What have we done ?

M -%x+Bx-%+Kx-%=f(t) %

« Integrate the second equation w.r.t. time: < What are we doing now ?
Mi-x dt + j Bx-x dt + j Kx-x dt = f(t) v dt
AKE tpi2ge o APE w
Jio BERAE 2 0 Total work done by the
1 U ¢ applied force f(t) from
ch f Kineti time ¢, to t;
ange ot Kinetic Energy dissipated Change of
energy by damper potential energy
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05

DO

« Suspension System

Minimize the effect of the surface
roughness of the road on the driver's
comfort.

Double Wishbone Suspension

F Suspension (Ex:

| i
&3

&
=
S
—_—
@
e

— Simplified Schematic (neglecting tire
model)

From the “absolute zero”

M% + B(% — %,) + K(x — x,) = —Mg ‘l/

From the path

Miop + Biop + KXop = —Mg — M,

Xop =X — Xp

MXon + BXopn + Kxon = —MX,, ‘I/ From nominal position

g Xon = X — Xp,

K(xn —xp) = —Mg

x v
[ L
S ////////////4(/////////////////
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« Springs in Series

Ky K, Keg
1[04,
fy A —— AN — —4
v K K ) D K Ky
& 7 fs =:K1 T K, [:’Cz 1]
Kl(xj == xl) == Kz(xz = x]) i Keq i

_________

X; [Kzx, + K1x4]

K +K,
f:q = Kl(x] = xl)

1
=K K>xo + Kiyxi| —x
1K1+K2[22 1%1] 1

Xj
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« Dampers in Series

N [\ A%

fo < o all o E o > fy P fo < 0 0 > {5
B, B, Beq
| BB,
fa _EB1 :_ ZBZ [x? — %]
I Bgg !
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« Springs in Parallel

L |
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Example 1 .ot

]
I 12 S e -
if) — e |
— B |
m AN—s/m S ai=
2 N AN-—=s/ IN—=s/m L
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Example 1

\
vall
= I
! L
= 2N—=s/m

® rem

1(#;!)

-S Ci’-i,) -'l'a(,, = M.:;L‘
_a(-t)-5 ()= M,
P —a (1) = ME
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Two Degree of Freedom (TDOF) System

B, ﬁ B, 9
§ K, — K —
f1 2 f2

« Absolute coordinates

- FBD §x1)

B

—
fi

« Newton’s law

M i, = —B1x4

ST
Koxs K (x1 — x3) el

- x1)

— Kix1 + By (%, — %1) + Kp(xp — x1) + f1(¢)

My, = —By(dy — %) — Ky (X2 — x1) + fo(t)

MENG366 - Prof. Saeed Asiri
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Two Degree of Freedom (TDOF) System e

Static coupling
« Absolute coordinates k/

My%; + (By + B2)xy + (K1 + K3)x; — By, —| szz = f®

|
Myi, + Byx, + Kaxp — Bzx1|— K;x4 I f2(t)

 Relative coordinates

M3, 1‘ Byx1 + Kix1 — BaXpy — Kpxp1 = f1(t)
MjXy + MyXyq ‘ﬂ‘ ByXyq + Kyxpq = fo(t)

Dynamic coupling

19

MENG366 - Prof. Saeed Asiri @profsaeedasiri 8/14/2024



Kl K
fl 2 fZ

« Absolute coordinates | Mass matrix Damping matrix Stiffness matrix Output vector Input vector

SYMMETRIC l ! ! . /

P o s e r el - ()

(//

« Relative coordinates
NON-SYMMETRIC

oA [ B i [ P P A B

20
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Example 2
« Suspension System

Double Wishbone Suspension

TRY THIS

Xp
TTTTTTIIIIT TR T T TIIITTT 7777777

MENG366 - Prof. Saeed Asiri
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. Suspension System — Simplified Schematic (with tire model)

Assume ref. is when springs are Deflected by weights

Car body

[ =

Suspension k&, B,

Wheel 1
X1

Tire K B,

Double Wishbone Suspension Road A
Xp
Reference

22
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MDQOF Suspensio

— Draw FBD — Apply Newton’s 2nd Laws

- -
|

1,

N széz + Bzxz = Bzfcl + szz - szl - 0
Mljél - Bzi’z + (BZ + Bl)xl — szz + (KZ i Kl)xl = Blep Lg lep
l Xp
Reference

23
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— Matrix Form

széz + BZ").CZ > Ble + K2x2 - K2x1 == O
M;3%; — Byx, + (By + By)Xy — Kyxp + (K + Ky )xg = BiX, + Ky x,,

: X2
Define vector x =
X1

L ot R AN B A | e B P
0 M]_ 5&1 _Bz B2+Bl 5C1 _KZ K2+K1 X1 o lep'l'lep

/ / / /

Mass matrix Damping matrix Stiffness matrix Input Vector

24
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Two Degree of Fr

{l
*
’
?@
(©N
©
3
g
8
O
W
@
®
3

) - -
Example 3 x %,
# 2 f=sint
7 L YL | = e 4
4 5
637 _/'Y'YY\__§
o 1 oo 3 ¥
LT Lol A ALA T LA LA LA T L LS AL /

(a)

X1 X2
2(xy — xp) 2(x1—x3) f=sint
7x1 d
-~ 6 = -
4 6%(x1—x2) a2 x) 5 3x,
@) @) @)
LA T A A H AL S S S S s
()
d?x,(t) d(x; — x7)
7x1 +4 Tr2 + 2(xq —x2)+6T= 0
d(x, — x d?x
2(x3 —x1)+ 6 (x: 1)+5 2+3x2=sint

dt dt?
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Translational mechanical components Rotational mechanical components
spring
x(®) T(t)

\ 6(t)
f@® M J

» é
v

26
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Rotational Mechanical Systems

Translational mechanical components Rotational mechanical components

T(t)
x(t)
-1 f(®) :E .; o)

B . x(®) r(@®

T | e

MENG366 - Prof. Saeed Asiri @profspeedasiri 8/14/2024
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Example 4

29, de,
—0
4d2g2+59 0 +8d92—20
dtz ( 2 1) dt -

(b)

MENG366 - Prof. Saeed Asiri
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Gear train

rn N

(1)

r, N,

e e e

MENG366 - Prof. Saeed Asiri

T1,91,w1 Nll rl

N2,r2 15, 92, Wy

(2) 10, =10, (3) T =126,

@profsaeedasiri
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Rotational Mechanical Systems
Example 5
J,d%0,
dr? % B, Bl
% dt
(a)
T=],0, + B,0, @ (1)
N,
0, = Ny 2
2 N, 1
9, = Ny 0
— b
2 N, 1 (b)
30
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Electrical Systems

 Basic Modeling Elements
* Interconnection Relationships
* Derive Input/Output Models

3
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Electrical Systems

Variables
e g : charge [C] (Coulomb) izd_q
e j : current[A] dt tq

. voltage [V] q(t1) = q(ty) +j i(t) dt

e
* R : resistance [Q)] ' to
. p =e.l

* C : capacitance [Farad]
* L : inductance [H] (Henry) ty )
* p : power [Watt] w(ty) = w(to) + LO p(t) dt
* w: work(energy) [J] t1 '

1 [J)] (Joule) = 1 [V-A-sec] = w(ty) + : (e-i) dt

0

32
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disol - q charge [C] (Coulomb)
X : displacement [m :
- | current [A]
¢ wcymeg  Mechanical - Electrical | e )
f : force [N] SVStems p . power [Watt]

P . power [Nm/sec] w : work (energy ) [J]
W . work (energy ) [Nm] 1 [J] (Joule) = 1 [V-A-sec]
1 [Nm] = 1 [3] (Joule) R reS|sta}nce [W]

_ C capacitance [Farad]
a . acceleration [m/sec?] L inductance [H] (Henry)
_dx dv _d(d \ d? B dq
"Sa “Twa\ad’) T ae = i=—
t1
x(ty) = x(t )+] v(t) dt -
X NS a(t) = ae) + [ i) de
dx d fo
p=fv=f—="2 iz ta_aw
P dt ~ dt
t1 t1
w(ts) = wito) + | p(o) de wier) = wieg) + [ p(e) de
to ¢
t 0
1 t1
=w(ty)+ | (f-x)dt =w(t) + | (e-i)dt
t() tO

33
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Electrical Systems
Basic Modeling Elements

* Resistor e Capacitor
— Ohms Law — Charge collected is proportional to the voltage
Voltage across is proportional to across.

the through current. — Current is proportional to the rate of change of

1
en=ei—e=er=Ri & i=v e the voltage across.

d d
-[._-*-\/\ex/\__. 2 \ q=cec (=4 i=C <aec> =C <a612>

. - . + e =
i R Static relation C \
1 | | o 2 _
— Dissipates energy through heat. i C dynamic
L, 1, relation
p=RI"=—¢
— Analogous to frictisn elements.in — Energy supplied is stored in its electric field and
mechanical systems, e.g. dampers can affect future circuit response.

— Steady-state response: i=0, Open Circuit

34
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Electrical Systems

* Voltage Source

* Inductor — Maintain specified voltage across two
— \oltage across Is proportional to the rate points, regardless of the required
of the change of the through current. current.
d — e(t) +
e =€, =L (d—l> N\
t ‘d\ — l—GCot a2
+ e ynamic relation o1, = 1 — & = —o(D) ~__
1__,‘—/66.6\—‘ 2 Static relation
I L
— Energy supplied is stored in its magnetic Current Source
field. — Maintain specified current, regardless of
the required voltage.
1,
w=—L1I
2
o I e0— OD—— 2
— Steady-state response: e=0, Short Circuit \(-)/
I(t

35
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Electrical Systems

y i) i(1) y i)
+ + "
Basic £
di 1 pto.
Modelin
g vR(t) = Ri(1) T c®=cl_
E ' e e n ts i(6) =Lva(o i =1 (" vy i) = cLe
Voltage Source Current Source
+ : : :
v(r) a given ) i() a given
C) v(f) function of <+ i(f)  function of
. time time
v(f) expressed in i(¢) expressed in
+ terms of other ; terms of other
VAR network voltages b network voltages
or currents or currents
MENG366 - Prof. Saeed Asiri @profsaeedasiri 8/14/2024
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Cir
Example 6:

I_[o
(O
-[o
(o
|U>
=
e
<
@[0
@
I
=
=
(@
@2
>
=]
=0
<z
t"m/

Find the transfer function V V.

L R

v(t) (1) ¢ 7= ve®

1(1)

MENG366 - Prof. Saeed Asiri @profsaeedasiri
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Circuit Analysis — Mesh Analysis

Solution

Summing the voltage around the loop gives:

di 1
L—+Rl+Ejldt=v

dt
dq d’q _dq 1
But, = WM L——o+R—+-q=v
dv,
as 9=Cv dt ~2

38
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Applying the Laplace Transform, gives

(LCs? + RCs + 1)V.(s) = V(s)

1
V(s) 1.C Ve (s)
S+ e
G(s)

39
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Com

mpon

nt Tra

l/}

1
Capacitance (C) mmmp V) =716

V(s) = RI(s)

Resistance  (R) ) () = Lois)

Inductance (L) ‘

0 @®

L

i(1)

R

— 0000 " \VV\—

ZT

e mmy v (2

I(s)

— V(s

MENG366 - Prof. Saeed Asiri
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Cir

Example 7:

2o

|_[o
(O
(:ff
|U>
=
2
&
@ .
@
[
=
(@,
@
=
>
=
2
s
@
@

Find the transfer function V_/V by mesh analysis & transform methods.

vt (1) ¢ 7 ve®

1(?)

41
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Circuit Analysis — Mesh Analysis
Solution
L R Ls R

— 0000\~ — 0000 NN~
v () €A gy VO @) = = Ve

i(1) 1(s)

B 1 v & ¥V _1
Then, as Z(S)—LS+R+CS bI(s) N I(s) T Cs
Ve(s) _ 1
- V(s) (LCs?+RCs+1)

42
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[.

Circuit Analysis — Nodal Analysis
Example 8:
Find the transfer function V./V by nodal analysis & transform methods.
WNOO'@
Vi) () ;__ Ve(s)
1(s)
|
V(s) .
Then, as I(s) = 705) — Kirchoff’s Current Law at node
Ve(s) | Ve(s) =V (s) Ve(s) _ 1
1 + Ls + R =0 ‘ V(S) - (LCSZ+RCS+1)
Cs

43
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Circuit Analysis — Voltage Division
Example 9:
Find the transfer function V_/V by voltage division & transform methods.
Ls R
—0000 VM
V(s) () ;{ Ve(s)
1(s)

\oltage across capacitor is a portion of the input voltage which is
proportional to the capacitor impedance to the sum of impedances.

1
Vo(s) = —E5 —V(s)
‘ (LS + R + gs)

44,
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Electrical Components

for
| Components

Mechanical Components

Component] Voltage-current |Current-voltage
' vt
_{ 9 I %[ i(t)dr (1= C%
Capacitor 0
M- | vo=rio )= 2900
: R
Resistor
di(t |
| =18 f gt
Inductor Lo

Viscous damper
—— x(7)

- 0

Mass
—T— ()

M —= ()

Component | Force-velocity
Spring
_ —1——— x(1)
? 000 10 f(1) =K [yv(r)dr
B
K

f(t) = fvv(t)

L dvu(r)
F) =M—"=

Two analogs * Voltage-current
= Current-voltage

— Force-Velocity
— Force-Velocity

MENG366 - Prof. Saeed Asiri

@profsaeedasiri
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Electrical Systems
Example 10:

di di
3+1 6 &1
= dt _ 3 dt 3
3 6 3 4 6
4 P 7
2 i@ i:(:D § = i@ 2_4(11—12) i@ §+ o
; 211 § 5 1 t.. . o 2
8 cos 9¢ 7 + 78 cos 9¢ =+ 1 [ (i) - ip)at
T () -3
H# \_/ T (a) + u - (b)

Cdn® o Af
loopl 2i;(t)+3 It + 4(i1(t) —iy(t)) + gj(ll(t) — i,(t))dt = 8cos9t
0

loop?2 % j (i5(£) — iy (£))dt + 4(i5(t) — i1 (£)) + 6 di;it) + 7i,(t) = 0

0

46
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Electrical Systems
Complex impedance Z(s)

Ratio of E(s), the Laplace transform (LP) of voltage across the terminal,
to I(s), the Laplace transform (LP) of current through the element,
under the assumption of zero initial conditions

E

1.C.s=0

R,—, and Ls, tively.
-+ and Ls, respectively

Complex impedances of resistor, capacitor, inductor are

47
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Electrical Systems

* Kirchhoff's Voltage Law (loop law) e Kirchhoff’s Current Law (node law)
— The total voltage drop along any closed — The algebraic sum of the currents at any
loop in the circuit is zero. node in the circuit is zero.

1

€1 Circuit
3 element

1

p 4 811=81_el=0 -
l! O=611
= e tex3te3qt ey er

—33+ez+el+e4= ) d
N’ — — —
€12 €23 €34 €41

48
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Electrical Systems

* Parallel combinations ) et AN

I

. i :

Same Voltage across elements : :
A(Voltage;) = A(Voltagej) |

E(s) 41 Z, °°° 7 |

' |

' |

' |

' |

' |

e Series combinations

Same Current through elements
(Current;) = (Currentj)

* Equivalent Complex Impedance

1 p. 1 N 1 - 1
Zparallel(s) Z1(s)  Zy(s) Zn(s)

Zseries(8) = Z1(s) + Z(s) + -+ Z,,(s)

49
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Electrical Systems

Modeling Steps

« Understand System Function and Identify Input/Output Variables

« Draw Simplified Schematics Using Basic Elements
 Develop Mathematical Model
— Label Each Element and the Corresponding Voltages.
— Label Each Node and the Corresponding Currents.
— Apply Interconnection Laws.
— Check that the Number of Unknown Variables equals the Number of Equations

— Eliminate Intermediate Variables to Obtain Standard Forms.

50
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Electrical Systems

Example 12:

Derive the I/0 model for the No. of Unknowns: |
following circuit. Let voltage e/(t) be PN -1o W :Va)
the input and the voltage across the - &5

capacitor be the output. Simplify ;l: “Ta

1+ 8 —2 & 3
AL /0 Model:

R ' +
- C) S Lo L o
= TR 5, T €32 =€
et C ec dt dt
) 6 = 4_ How to get 1/0O model by concept of complex impedance ?
lement Laws: . .
= d Mechanical translational system
312 = eR = lR 623 = eL = L d_l dzx dx
d M—+B—+4+Kx=f
; Bl dt? dt
L=¢ (dt e34> eq1 = —e;(t)

_ Mechanical rotational system
Kirchhoff § Loop Law: 426 do

e12te3testey, =0 gz tB g tKO=T

o1
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Example 13:

Obtain the I/O model for the following circuit. The
input is the voltage e/(t) of the voltage source and
the through current of the inductor is the output.

toey - o, T & -
1 3
—>
&(t) C) €ro C o €
Loop 1 | )
- l i3 Loop2
[,

4
Elemental Equations:

. d
€12 = €ep1 = llRll €r3 = e = L (a lz)
. d .
i, =C Ee% ) €4 = —€4y = €py = I3R,

eq1 = —e;(t)

Electrical Systems

Voltage Law
Loop 1: eipt+exyt+tey =0
Loop 2: €y3 + €34+ €4, =0

Current Law

Node 2:

Unknown Variables

il—iz—i3=0

€12, €24, €41, €23, €34, €42,
il' y = iz, i3.
/0 Model
d?i R{R,C di R,C de;
LC 22 + 112 2 + iz — 2 l
dt? ' R, +R, dt R, +R, dt

MENG366 - Prof. Saeed Asiri

@profsaeedasiri

8/14/2024

5

2



aslrAddmel

Electrical Systems

Example 13:

" . desy
EERRPT
ilRl + i3R2 — e = 0
di, _
LE"‘ €34 — l3R2 =0

\ i1=i2+i3

( -1
- =
> Ri+R; A
d?i di

. 3
LC—— ——CR, =0
U dt? Tl =g O

(iR — €;)

A

A

( ) desy
l =
2 dt
ile + ig(Rl + Rz) — ei =0 =
LC——+C — CR, =0
U dt? dt dt 2
LCd2i2+'+CR a (i,R )=0
TG 2dtR, + R, 21T VT
i3
dziz R1R2C dlz . R2C dei

itz "R+ R, dt T 2T R, +R, dt
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Basic relationship for electrical components

TABLE 2.3 Voltage-current, voltage-charge, and impedance relationships for capacitors, resistors, and inductors

Impedance Admittance
Component Voltage-current Current-voltage Voltage-charge Z(s)=V(s)I(s) Y(s)=I(s)/V(s)
1 dv 1 1
—{ E w(r) = 1 / i(r)dr i(r) = c® v(r) = =qlr) = Cs
: Cly di £ Cs
Capacitor
“MN— ¥(1) = Ri(r) i) = 2v(0) vr) = R%4Y) R l_¢
; R dr R
Resistor
_fm\_ d'(') | ! dzl[(l) 1
v(1) =L—— i(r) = —/ v(t) dr v(it) =L Ls .
Inductor o Lo dr? Ls

v(t)=V(volts), i(t)=current=A (Amp), q(t)=Q(coulombs), C=F(farads), R= (ohms), L=H(henries)

54
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Series Analog
Mx+ fox+Kx=f

—— X(1)

= finVoltage (v)-current (i) — Force (f)-Velocity (%)

= .

di
M — I+ K | —
o+ fol + fldt v

M £ l
mass = M —» inductor = M henries

A1) (tD = f, ohms

viscous damper = f,, ——» resistor =

spring = K ——» capacitor = }? farads

\ |
v+
o L

()

95
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Mx+ f,x + Kx = f

_ K —_,’ x(1)
W e Current (i) -voltage (v)— Force (f)-Velocity (x)
L M i fif)
= S dv _
M—+f,v+K |vdt =i
dt
mass = M ——= capacitor = M farads
: 1. i 1
I(t) C* M A~ f_‘ K viscous damper = f,, —— resistor = ohms
spring = K — inductor = ,l(—henries
56
@profsaeedasiri 8/14/2024

MENG366 - Prof. Saeed Asiri



aslri@met

=

&)

0 TK, Va0
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