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• State Variables 
The smallest possible subset of system variables that can represent the entire state of the 
system at any given time

• State Vector 
 All the state variables {q1, q2, …, qn} can be looked on as components of state vector. 

• State Space 
 A space whose coordinates consist of state variables is called a state space. Any state can be 

represented by a point in state space. 
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Two parts:
• A set of first order ODEs that represents the derivative of each state variable 

xi as an algebraic function of the set of state variables {xi} and the inputs {ui}.

• A set of equations that represents the output variables as algebraic functions 

of the set of state variables {xi} and the inputs {ui}.

ሶ𝑞1 = 𝑓1 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛, 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑚

ሶ𝑞2 = 𝑓2 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛, 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑚

⋮
ሶ𝑞𝑛 = 𝑓𝑛 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛, 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑚

𝑦1 = 𝑓1 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛, 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑚

𝑦2 = 𝑓2 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛, 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑚

⋮
𝑦𝑛 = 𝑓𝑛 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛, 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑚

ሶ𝑥 = 𝐀𝑥 + 𝐁𝑢

𝑦 = 𝐂𝑥 + 𝐃𝑢
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• A second-order differential equation requires two state variables:

• We can reformulate the differential equation as a set of three equations:

• We can write these in matrix form as:

• This can be extended to an Nth-order differential equation of this type:

• The state variables are defined as:

Differential Equations and State Space Representation 

ሷ𝑦(𝑡) + 𝑎1 ሶ𝑦(𝑡) + 𝑎0𝑦(𝑡) = 𝑏0𝑢(𝑡)

)()()()(
21

tytxtytx ==

ሶ𝑥1(𝑡) = 𝑥2(𝑡)
ሶ𝑥2(𝑡) = −𝑎0𝑥1(𝑡) − 𝑎1𝑥2(𝑡) + 𝑏0𝑢(𝑡)
𝑦(𝑡) = 𝑥1(𝑡)

ሶ𝑥1(𝑡)
ሶ𝑥2(𝑡)

=
0 1

−𝑎0 −𝑎1

𝑥1(𝑡)
𝑥2(𝑡)

+
0
𝑏0

𝑢(𝑡)

𝑦(𝑡) = 1 0
𝑥1(𝑡)
𝑥2(𝑡)

𝑦 𝑁 (𝑡) + ෍

𝑖=0

𝑁−1

𝑎𝑖𝑦 𝑖 (𝑡) = 𝑏0𝑢(𝑡)

( ) Nitytx
i

i
...,,2,1,)(

)1(
==

−
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• The resulting state equations are:

ሶ𝑥1(𝑡) = 𝑥2(𝑡)
ሶ𝑥2(𝑡) = 𝑥3(𝑡)

⋮
ሶ𝑥𝑁−1(𝑡) = 𝑥𝑁(𝑡)

ሶ𝑥𝑁(𝑡) = − ෍

𝑖=0

𝑁−1

𝑎𝑖𝑥𝑖+1(𝑡) + 𝑏0𝑢(𝑡)

𝑦(𝑡) = 𝑥1(𝑡)

𝐀 =

0 1 0 ⋯ 0
0 0 1 ⋯
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ 1

−𝑎0 −𝑎1 −𝑎2 ⋯ −𝑎𝑁−1

 𝐁 =

0
0
⋮
0
𝑏0

𝐂 = 1 0 0 ⋯ 0 𝐃 = 0

Differential Equations and State Space Representation 

ሶX = 𝐀𝑋 + 𝐁𝑢
𝑦 = 𝐂𝑋 + 𝐃𝑢

Observable canonical form
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• Next, consider a differential equation with a more complex forcing function:

• The state model is:

• We can verify this by expanding the matrix equation:

ሷ𝑦(𝑡) + 𝑎1 ሶ𝑦(𝑡) + 𝑎0𝑦(𝑡) = 𝑏1 ሶ𝑢(𝑡) + 𝑏0𝑢(𝑡)

ሶ𝑥1(𝑡)
ሶ𝑥2(𝑡)

=
0 1

−𝑎0 −𝑎1

𝑥1(𝑡)
𝑥2(𝑡)

+
0
1

𝑢(𝑡) 𝑦(𝑡) = 𝑏0 𝑏1
𝑥1(𝑡)
𝑥2(𝑡)

ሶ𝑥1(𝑡) = 𝑥2(𝑡)
ሶ𝑥2 𝑡 = −𝑎0𝑥1 𝑡 − 𝑎1𝑥2 𝑡 + 𝑢 𝑡

𝑦(𝑡) = 𝑏0𝑥1(𝑡) + 𝑏1𝑥2(𝑡)

ሶX = 𝐀𝑋 + 𝐁𝑢
𝑦 = 𝐂𝑋 + 𝐃𝑢

Differential Equations and State Space Representation 

ሶ𝑦(𝑡) = 𝑏0 ሶ𝑥1(𝑡) + 𝑏1 ሶ𝑥2(𝑡)
= 𝑏0𝑥2(𝑡) + 𝑏1 −𝑎0𝑥1(𝑡) − 𝑎1𝑥2(𝑡) + 𝑢(𝑡)
= −𝑎1𝑦(𝑡) + 𝑎1𝑏0 − 𝑎0𝑏1 𝑥1(𝑡) + 𝑏0𝑥2(𝑡)

• To construct the original equation, differentiate the last equation:
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• Differentiate the last equation again and substitute:

𝑦 𝑁 (𝑡) + ෍

𝑖=0

𝑁−1

𝑎𝑖𝑦 𝑖 (𝑡) = ෍

𝑖=0

𝑁−1

𝑏𝑖𝑢 𝑖 (𝑡)

𝐀 =

0 1 0 ⋯ 0
0 0 1 ⋯
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ 1

−𝑎0 −𝑎1 −𝑎2 ⋯ −𝑎𝑁−1

𝐁 =

0
0
⋮
0
1

𝐂 = 𝑏0 𝑏1 𝑏2 ⋯ 𝑏𝑁  𝐃 = 0

ሷ𝑦(𝑡) = −𝑎1 ሶ𝑦(𝑡) + 𝑎1𝑏0 − 𝑎0𝑏1 ሶ𝑥1(𝑡) + 𝑏0 ሶ𝑥2(𝑡) + 𝑏1 ሶ𝑢(𝑡)
= −𝑎1 ሶ𝑦(𝑡) + 𝑎1𝑏0 − 𝑎0𝑏1 𝑥2(𝑡) + 𝑏0 −𝑎0𝑥1(𝑡) − 𝑎1𝑥2(𝑡) + 𝑢(𝑡) + 𝑏1 ሶ𝑢(𝑡)
= −𝑎1 ሶ𝑦(𝑡) − 𝑏0𝑎0𝑥1(𝑡) − 𝑎0𝑏1𝑥2(𝑡) + 𝑏0𝑢(𝑡) + 𝑏1 ሶ𝑢(𝑡)
= −𝑎1 ሶ𝑦(𝑡) − 𝑎0 𝑏0𝑥1(𝑡) + 𝑏1𝑥2(𝑡) + 𝑏0𝑢(𝑡) + 𝑏1 ሶ𝑢(𝑡)
= −𝑎1 ሶ𝑦(𝑡) − 𝑎0𝑦(𝑡) + 𝑏0𝑢(𝑡) + 𝑏1 ሶ𝑢(𝑡)

ሷ𝑦(𝑡) + 𝑎1 ሶ𝑦(𝑡) + 𝑎0𝑦(𝑡) = 𝑏0𝑢(𝑡) + 𝑏1 ሶ𝑢(𝑡)

ሶX = 𝐀𝑋 + 𝐁𝑢
𝑦 = 𝐂𝑋 + 𝐃𝑢

Differential Equations and State Space Representation 

• Hence, given a general LTI system:

Controllable canonical form

ሶ𝑥1(𝑡) = 𝑥2(𝑡)
ሶ𝑥2 𝑡 = −𝑎0𝑥1 𝑡 − 𝑎1𝑥2 𝑡 + 𝑢 𝑡

𝑦(𝑡) = 𝑏0𝑥1(𝑡) + 𝑏1𝑥2(𝑡)
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The state equations are:

Differential Equations and State Space Representation 

ሶX = 𝐀 𝑋 + 𝐁 𝑢
𝑦 = 𝐂 𝑋 + 𝐃 𝑢
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( )x tk

c

m ( )f t

m x cx k x F+ + =

F = Control force

Output

Input
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1 1

2 2

0 1 0

/ / 1/

x x
F

x k m c m x m

      
= +      

− −      

Let  
1 2

,x x x x= =

uX A X B
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where
0 1

, , ,
/ /

0
,

1 /

x x

x x k m c m

u F
m

     
= = =     

− −     

 
= = 
 

X X A

B

ሶX = 𝐀𝑋 + 𝐁𝑢
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where

X = state vector, y = Output vector, u = control vector

A = system matrix,  B = Input matrix

C = Output matrix,  D = Feedforward Matrix

ሶX = 𝐀𝑋 + 𝐁𝑢
𝑦 = 𝐂𝑋 + 𝐃𝑢
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where

𝐗 =
𝑥1

𝑥2
, 𝐶 = [10], 𝐷 = 0, 𝑢 = 𝐹

Output y = x 

Displacement 

Sensor

𝑦 = 𝐂𝑋 + 𝐃𝑢
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State Space

x

x

x(t=t2)

x(t=t1)
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1di
L Ri idt v

dt C
+ + =

1
L

di
v L Ri idt v

dt C
= = − − +

System Equation

Output Equation

1di
L Ri idt v

dt C
+ + = Let

𝑑𝑞

𝑑𝑡
= 𝑖

𝑑𝑖

𝑑𝑡
= −

1

𝐿𝐶
𝑞 −

𝑅

𝐿
𝑖 +

1

𝐿
𝑣

𝐿
𝑑𝑖

𝑑𝑡
+ 𝑅𝑖 +

1

𝐶
𝑞 = 𝑣

𝐿
𝑑𝑖

𝑑𝑡
= −

1

𝐶
𝑞 − 𝑅𝑖 + 𝑣
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ሶ𝐗 = 𝐀𝐗 + 𝐁𝑢

where
0 1

, , ,
1/ /

0
,

1/

dq

q dt

i di LC R L

dt

u v
L

 
    

= = =    
− −    

  

 
= = 
 

X X A

B

𝑑𝑖

𝑑𝑡
= −

1

𝐿𝐶
𝑞 −

𝑅

𝐿
𝑖 +

1

𝐿
𝑣

𝑑𝑞

𝑑𝑡
= 𝑖
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𝐲 = 𝐶𝐗 + 𝐷𝑢where

𝐗 =
𝑞
𝑖

, 𝐶 = [−1/𝐶 − 𝑅], 𝐷 = 1, 𝑢 = 𝑣

1
L

di
v L Ri idt v

dt C
= = − − +Output Equation

𝑣𝐿 = −
1

𝐶
𝑞 − 𝑅𝑖 + 𝑣
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1 1 1 1 2
0M x Dx Kx Kx+ + − =Equations of Motion

1 2 2 2 2
0Kx M x x Kx f− + + + =
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 1 1 2 2

T
X x x x x=Let

1 1

1 1 1 1 1

2 2

22 22 2

0 1 0 0 0

/ / / 0 0

00 0 0 1

1// 0 / 0

x x

x K M D M K M x
f

x x

MK M K Mx x

      
      

− −
      = +
      
      

−      

A                                                     B
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1

1

1

2

2

[1 0 0 0] 0

x

x
y x f

x

x

C X D u

 
 
 = = + 
 
 
 

= +

where     C =[1  0  0  0]     and     D = 0

Displacement Sensor
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2 3

1 2 32 3
, , , ....,

n

n n

dy d y d y d y
x x x x

dt dt dt dt
= = = =

1

1 1 0 01
...

n n

nn n

d y d y dy
a a a y b u

dt dt dt

−

− −
+ + + + =System Equation

Let

2 1

1 2 3 2 1
, , , ....,

n

n n

dy d y d y
x y x x x

dt dt dt

−

−
= = = =

1 2 2 3 1

0 1 1 2 1 0

, , ...., ,

...

n n

n n n

x x x x x x

x a x a x a x b u

−

−

= = =

= − − − − +

or
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1 1

2 2

3 3

1

0 1 2 3 4 5 1

0 1 0 0 0 0 ... 0

0 0 1 0 0 0 ... 0

0 0 0 1 0 0 ... 0

.................................................................. ..

0 0 0 0 0 0 ... 0

...

n n

nn

x x

x x

x x

x x

a a a a a a ax

−

−

   
   
   
   

=   
   
   
   

− − − − − − −     

1

0

0

0

0

..

0

n

u

bx

−

   
   
   
   

+   
   
   
   

     

 1 2 3 1
[1 0 0 ... 0] ...

T

n n
y x x x x x

−
=

A                                                  B

C
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3 2

24

9 26 24

C

R s s s
=

+ + +

9 26 24 24c c c c r+ + + =

1 2 3
, ,x c x c x c= = =Let

1 2

2 3

3 1 2 3

1

24 26 9 24 ,

x x

x x

x x x x r

y c x

=

=

= − − − +

= =
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1 1

2 2

3 3

0 1 0 0

0 0 1 0

24 26 9 24

x x

x x u

x x

      
      

= +
      
      − − −      

1

2

3

[1 0 0 ]

x

y x

x

 
 

=
 
  

A                                         B

C
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>> n=24;

>> d=[1  9  26  24];

>> 

[A,B,C,D]=tf2ss(n,d)

MATLAB

A =

-9   -26   -24

1     0     0

0     1     0

B =

1

0

0

C =      0     0    24

D =      0
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a0

a1

a2

1 b0

b1

b2

1 1 1 2 1 3
, ,x x x x x x= = =
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1 1

2 2

3 3

0 1 0 0

0 0 1 0

24 26 9 1

x x

x x u

x x

      
      

= +
      
   − − −         

A                         B

Same as Transfer function with polynomial denominator
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( ) ( )2 2

2 1 0 1 1
( ) ( ) 7 2 ( )C s b s b s b X s s s X s= + + = + +

𝑐 = ሷ𝑥1 + 7 ሶ𝑥1 + 2𝑥1

1 1 1 2 1 3
, ,x x x x x x= = =Let

3 2 1 2 3 1 2 0 1
7 2y c x x x b x b x b x= = + + = + +

or
0 1 2 1 2 3 1 2 3

[ ][ ] [2 7 1][ ]
T T

y b b b x x x x x x= =

C

But
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>> n=[1  7  2];

>> d=[1  9  26  24];

>> [A,B,C,D]=tf2ss(n,d)

A =

-9   -26   -24

1     0     0

0     1     0

B =

1

0

0

C =       1     7     2

D =       0
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SUMMARY

▪  Denominator of Tr. Fn. (Poles) affects the A matrix

▪  Numerator of Tr. Fn. (Zeros) affects the C matrix

▪  Numerator gain affects B matrix



@profsaeedasiri 9/29/2024MENG366 -  Prof. Saeed Asiri
33

,u

u

= +

=

X AX B

y CX + D

State-Space Model

Laplace Transform

,s u

u

= +

=

X AX B

y CX + D
( )

1
sI u

−
= −X A B

or 𝐘 𝑠 = 𝐂 𝑠𝐼 − 𝐀 −1𝐁 + 𝐃  𝑼(𝑠)
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Example
1 1

2 2

3 3

0 1 0 10

0 0 1 0

1 2 3 0

x x

x x u

x x

      
      

= +
      
      − − −      

1

2

3

[1 0 0 ]

x

y x

x

 
 

=
 
  
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( )

0 0 0 1 0 1 0

0 0 0 0 1 0 1

0 0 1 2 3 1 2 3

s s

s s s

s s

−     
     

− = − = −
     
     − − − +     

I A

[1 0 0 ], 0= =C D

( )

2

2
1

3 2

( 3 2) ( 3) 1

1 ( 3)

(2 1)( )

det( ) 3 2 1

s s s

s s s

s s sadj sI A
s

sI A s s s

−

 + + +
 

− + 
 − − +−  

− = =
− + + +

I A

Example
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 10 0 0 , [1 0 0 ], 0
T

= = =B C D

( )

2

2
1

3 2

( 3 2) ( 3) 1

1 ( 3)

(2 1)( )

det( ) 3 2 1

s s s

s s s

s s sadj sI A
s

sI A s s s

−

 + + +
 

− + 
 − − +−  

− = =
− + + +

I A

( )
( )

2
1

3 2

10( 3 2)
( )

3 2 1

s s
s sI u u

s s s

− + +
 = − + =
  + + +

Y C A B D

Transfer Function

Example
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>> syms s

>> A=[0  1  0;0  0  1;-1  -2, -3];

>> B=[10  0  0]';

>> C=[1  0  0];

>> AS=s*eye(3)-A;

>> ASI=inv(AS);

>> G=C*ASI*B

 

Method 1

G = 10*(s^2+3*s+2)/(s^3+3*s^2+2*s+1)

Example
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>> A=[0  1  0;0  0  1;-1  -2, -3];

>> B=[10  0  0]';

>> C=[1  0  0];

>> D=0;

>> [n,d]=ss2tf(A,B,C,D)

n =         0   10.0000   30.0000   20.0000

d =     1.0000    3.0000    2.0000    1.0000

>> G=tf(n,d)

 

Method 2

Transfer function:   10 s^2 + 30 s + 20

                               ----------------------------

                                s^3 + 3 s^2 + 2 s + 1

Example
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END
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