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Basic Concepts related to State Space

e State Variables

The smallest possible subset of system variables that can represent the entire state of the
system at any given time

« State Vector
All the state variables {q, g, ... g,} can be looked on as components of state vector.

« State Space

A space whose coordinates consist of state variables is called a state space. Any state can be
represented by a point in state space.
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State Space Representation

Two parts:

* Aset of first order ODEs that represents the derivative of each state variable
X; as an algebraic function of the set of state variables {x;} and the inputs {u }.

(.

g1 = f1(x1, %5, X3, ), Xy, Uq, Uy, Usg, o, Up)

g2 = f2(x1, X3, X3, ., Xp, Ug, Uy, Uz, wn, Upy) .
* : x = Ax + Bu
\qn = f,(xq, Xp, X3, w0, Xp, Uq, Uy, U3, o, Upy)

* A set of equations that represents the output variables as algebraic functions
of the set of state variables {x;} and the inputs {u }.

g

V1 =f1(X1,X2,X3, ey Xpy U, Up, U3, .., um)
<y2 =f2(x1, X2, X3, .., Xn, U1, Uy, U3, ..., um) y — Cx _I_ Du
Vn = (X1, X9, X3, e, Xy, Ug, Uy, Uz, ., Upy)
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Differential Equations and State Space Representation

V() + a1y (t) + apy(t) = bou(t)
» A second-order differential equation requires two state variables:
X, (t) = y(t) X, (t) = y(t)
* We can reformulate the differential equation as a set of three equations:

x1(t) = x,(t)
x2(t) = —agx1(t) — ayx,(t) + bou(t)
y(t) = x1(8)

« We can write these in matrix form as:

X1 (O _[0 1 7]x1(0) 0
L'Cz(t)] \ [—ao _a1l [xz(t)] * [bol u(t)
_ x1(t)

N-1
* This can be extended to an N"-order differential equation of this type: ™) + Z a;y D (6) = bou(t)
i=0

* The state variables are defined as: x (t)=y"™(t), i=12,..,N
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Differential Equations and State Space Representation

» The resulting state equations are:

x1(8) = x,(t)

%o(8) = x3(0) X =AX + Bu
xN_l(t)::xNAg)l y = CX + Du
in(0) = = ) @i (8) + bou(®)
y© =10

Observable canonical form
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Differential Equations and State Space Representation

* Next, consider a differential equation with a more complex forcing function:
y(&) + a1y (t) + apy(t) = byu(t) + bou(t)
* The state model is:

lxl(t) 0 1 ] [xl(t)
_a,

x5 (t) —Qg x5 (t)

; () X = AX + Bu
W HECIRETORICANA [xz(@ y = CX + Du

« We can verify this by expanding the matrix equation:

x1(t) = x,(t)
X(t) = —agx,(t) — agx,(t) + u(t)
y(t) = box1(t) + byx,(t)

» To construct the original equation, differentiate the last equation:

y(t) = box1(t) + byx,(t)
= box3(t) + by[—agx,(t) — ax,(t) + u(t)]

= —a,y(t) + (a1bg — aghy)x1(t) + box,(t)
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Differential Equations and State Space Representation

x1(t) = x,(t)

(8 =<, R0 X0 Do) X = AX + Bu
Y(©) = boxa(©) + b, (0 y = CX + Du

 Differentiate the last equation again and substitute:

V(t) = —a1y(t) + (a1by — aghy)x1(t) + box,(t) + byu(t)

—a,y(t) + (a1bg — agby)x,(t) + bol—aex,(t) — a;x,(t) + u(t)] + byu(t)
—a1y(t) — boagxy(t) — agbyx,(t) + bou(t) + byu(t)

—a;Y(t) — ag(box1(t) + byx,(t)) + bou(t) + byu(t)

—a1y(t) — apy(t) + bou(t) + byu(t)

» Hence, given a general LTI system:

N—1 N-—1
(N) oD ) — N0 _
yrn + Z a;y () = Z bu™ (£) Controllable canonical form
i=0 i=0

7

MENG366 - Prof. Saeed Asiri @profsaeedasiri 9/29/2024



asirddmet
Differential Equations and State Space Representation

The state equations are:

AX+Bu
CX+Du

|

u X |1 | x y
—1y| B - +C—>@—>
S
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State Space Representation

Example:

Output

Input

MX+CX+Kkx=F

F = Control force
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State Space Representation

Example:
Let X, =X, X, =X
x| [ O 1 x| [0
V1S + F
X, | |-kim —c/m]|x,| |1/m_
5,_1 A\ ~ JH_J —— A
X A X B U
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State Space Representation

Example:
X = AX + Bu
x| . [ x| 0 1 ]
where X =| |, X=] [, A= |
X X —k/m —-c/m
ol -
B Cu=F
1/m

1
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State Space Representation

X = AX + Bu
y = CX + Du

where
X = state vector, y = Output vector, u = control vector
A = system matrix, B = Input matrix

C = Output matrix, D = Feedforward Matrix
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State Space Representation

Output y =X
mm) yv=CX + Du

where
X = [le,c —[10],D = O,u = F
g J
_ Y
Displacement
Sensor
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State Space Representation

State Space

X

State vector, X(t:tl)
State vector trajectory

State vector, x(t:tz)
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State Space Representation

: R L
System Equation Lﬂ+ Ri+£jidt=V —A\M—0000"—
dt C L
_ dl - 1 - (1) t) | 1
Output Equation Vv, =L—=-Ri——[idt+v U
dt C
ai . 1. di 1
L—+Ri+—[idt=v Let ﬂ=i —> L—+Ri+t—-q=v
dt C dt dt ¢
di 1 , di 1 R 1
L—=—-——=q—Ri+v —=——q——1l+-v

dt C dt LC L L
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State Space Representation

dq
X ar "
X = AX + Bu
di_ 1 R 1
g dat . Lcl 1"V
al . At 0 1" 1/]
where X = q , X = C_t , A= :
i di -1/LC -R/L
- at _
fs or
B = S u=v
1/ L
= = 16
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State Space Representation

di 1
Output Equation V =L—=—-Ri——|[idt+v
dt C
vL——Eq— L+ 7V

where y=CX+ Du

x=|!l.c=[-1/c-R,D=1u=v
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State Space Representation

Example:

— =X — 2

— w000 w0

IIII'I'.I”.I-"‘I"IIIIIIII|I|Il||
Tl Sl il Il T I Tl

Frictionless

Equations of Motion M. X + DX, + Kx, —Kx, =0

—KX, + M, X, +0x, + KX, = f
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State Space Representation

Example:
. . 7T
Let X =[x % X, X|
x| [ 0 1 0 ollx 1 [ )
X | |-KI/M, -D/M; K/M, 0 ||X i :
X, 0 0 0 1| x, 0
%, | | KIM, 0 -KI/M, 0]|%| [1/M,
" - H_I
A B
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State Space Representation

Example:

P

>

y=x=[1 0 0 0]l "|+0 x f
\

)

N

) Y
Displacement Sensor

X X
N

=CX +Du

where C=[1 000] and D=0
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Transfer Function to State Space

. ld"y d"ty dy
System Equation + a +..+a —+ay=>bu
Y J dt” "ttt g BV TR
dy dZy dn—ly
Let X =V, X, =—, X, = T TS
r *odt P dt? dt"*
dy . d° . d’ . d"
‘ Xl :_y’ X2 — 2y’ X3 = 3’/, A Xn — 3/
dt dt dt dt
or X, = Xy5p X = Xgy ey Xo g =X,
X, =—a,X, — X, —...—a X +b,u
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Transfer Function to State Space

X, 0 X,
X, 1 X,
X 0 X
3| _ i /P u
X 0O O 0O O 0 0 0 X 0
_)’(n | |-8 —a —a, —a, —a, —a —a,, || X, | _bo_
A B
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Transfer Function to State Space

) C+9C+26C+24c=24r

Let X,=C, X, =C, X, =C
‘ rX, = X,
X, = X,
\ X, = —24X, — 26X, —9X, + 24r,
. Y=C=X
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Transfer Function to State Space

Example:

0 1 O
‘ = 0 0 1 u
- -24 -26 -9 24
-~ e/l | &7
A X B
y=[1 0 0] X
—— | X
C
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Transfer Function to State Space

Example:

MENG366 - Prof. Saeed Asiri

(1)

24

x,(1)  ¥(1)

24

R(s) 24 C(s)
i | Py S —
3+ 952+ 265 + 24
(a)
X5(1) X5(1)
| ]
9 -
26 |-
(b)

@profsaeedasiri

:
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Transfer Function to State Space

Example:
MATLAB

>> n=24,
>>d=[1 9 26 24];
>>

[A,B,C,D]=tf2ss(n,d)
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T. Fn. with numerator Poly. to S-S

R(s) bys>+ bys + by C(s)

- , A -
azs> + ars* + a5 + ag

R(s) | Xi(s)

2
azs” + ars*+ ais+ ay

Internal variables:
Xo(s), X3(5)
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T. Fn. with numerator Poly. to S-S

R(s) b2S2 +bys+ b C(s)
- : o -
azs> + ars* + as + ag

R(s) | X,(s)
035‘3 + a2s2 +a;s+aq

Internal variables: Al b + §§ V(1)
1

Xo(5), X3(s)

- b2s2+b1s+b0 -

X4(1) I X5(1) J- X, (1) b
i 0

Xy = X X =X, X =X
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T. Fn. with numerator Poly. to S-S

oA I N NS
57+ 95+ 265 + 24

R(\) I X|(\) 5 C(s)
~ - %+ 75+ 2 - 1
s34+ 952+ 265 + 24
Internal variables: it
X(s), Xz(s) ; _’1@\_“.)
- 4+ 4
X | [ 0 1 0 I[x | [0O]
1 1 nr) l J- X5(1) J- XH(1) j- x,(n 5
X, | = 0 0 1 X, (+10 U
X, | | —-24 -26 -9 %] 1] o L
-—— *
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T. Fn. with numerator Poly. to S-S

But C(s)= (b232 +bs+ bo) X, (S) = (32 + 7S+ 2) X,(8)
m =%+ Th o+ 2y

Let X, =X, X, =X, X, =X,
ﬂ y=C=X,+7X,+2x, =b,X, +b X, +b X,

1][ x

\
L™ X, %]

or y=[b, b b][x x, x] :\[2

7
Y
C
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T. Fn. with numerator Poly. to S-S
>>n=[1 7 2];

>>d=[1 9 26 24];
>> [A,B,C,D]=tf2ss(n,d)

-9 -24
1 0 O
0 1 O
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T. Fn. with numerator Poly. to S-S

SUMMARY

= Denominator of Tr. Fn. (Poles) affects the A matrix

= Numerator of Tr. Fn. (Zeros) affects the C matrix

= Numerator gain affects B matrix

32
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State-Space to Transfer Function

State-Space Model

Laplace Transform
sX =AX+Bu, ‘
y =CX+Du

X =(sl —A) " Bu

33
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State-Space to Transfer Function

Example

0 1 0
0 0 1
-1 -2 -3

y=[10 0]

MENG366 - Prof. Saeed Asiri
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State-Space to Transfer Function

Example y - Lo )
0 O 0 1 0 s -1 O
(sl-A)=|0 s 0}- 0 0 1 (=0 s -1
0 0 s|] | -1 -2 -3 | |1 2 s+3]
(s> +35+2) (s+3) 1
-1 s(s+3) S
(s _A)_l _adj(st-A) | -s —(2s+1) s* |
det(sl — A) s®+3s°+2s5+1

C=[1 0 0], D=0

35
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State-Space to Transfer Function

Example (s> +35+2)  (s+3) g
-1 s(s+3) S
(s! —A)_l Cadj(sl-A) | -s —(2s+1) s*
[ det(sl — A) r s°+3s°+2s5+1

B=[10 0 0] ,C=[L 0 0], D=0

~ O° <1 _ 10(s® +3s +2)
Y(s)=|C(sl-A)'B+D|u (83+382+23+1)u
H—J

Transfer Function

36
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State-Space to Transfer Function

Example

Method 1

>> Syms S

>>A=[0 1 0;0 0 1;-1 -2, -3];
>>B=[10 0 0],

>>C=[1 0 0];

>> AS=s*eye(3)-A;

>> ASI=inv(AS);

>> G=C*ASI*B

G = 10*%(s"2+3*s+2)/(s"3+3*s"2+2*s+1)

37
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State-Space to Transfer Function

Example

Method 2

>>A=[0 1 0,0 0 1;-1 -2, -3];
>> B=[10 0 O]}

>>C=[1 0 0];

>> D=0:

>> [n,d]=ss2tf(A,B,C,D)

n= 0 10.0000 30.0000 20.0000

d= 1.0000 3.0000 2.0000 1.0000
>> G=tf(n,d)
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END
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