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Superposition Principle
y®W +a y" P+ ray+ay+ay=bu™ +---+bu+byu
Input - Output
Uy () y1 (D)
U, (1) Y, (1)
u(t)=ky uy (t) + k u, (t) y(t)=K, y; (1) + k¥, (1)

forced responses of

_ _ =forced response of complicated input
simple inputs

complicated input=ZsimpIe inputs Z

The forced response of a linear system to a complicated input can be obtained by studying how the

system responds to simple inputs, such as unit impulse input, unit step input, and sinusoidal inputs
with different input frequencies.
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Response

Typical Force

* Unit Impulse Response

@

'

— Forced response to unit impulse input u® 1 T
+o0, t=0 ¢ 4 N
u(t)=5(t)= 0 120" :[Oé(t)dtzl Y (s)=G(s)U(s)=G(s) ;l
If system is stable, SS is zero. A Timet
* Unit Step Response
— Forced response to unit step input (u (t) = 1) u(t) |
1
Y (s)=G(s)U (s) = %G(s) y (o) = limsy (s)=|siggs%G(s)=G(0)
. ) ‘¥ Time t
e Sinusoidal Response
— Forced response to sinusoidal inputs at different input frequencies
— The steady state response of sinusoidal response is: Frequency Response. L\
Y()=6(EU()=C() s sy (s)=—52_G(s) /\ =
NER LY s + o’ Tlmet
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Forced Response of 1st Or

e Standard Form of Stable 1st Order System

1 b

—YyY+y=—uU
a a
where 1

T . Time Constant & = {
K : Static (Steady State, DC) Gam K = N

e TF and Poles/Zeros

Stable system

K 1
G(s)=—~ pole: pi=_= <0 zero: No zero 0
y(0) 4
«  Unit Step Response K i S
& = - A
(u=1and zero ICs) ), - v () — K[l—ef]
K 1 T 1 1 { >
Y(S)—G(S)U(S)_(TS_'_I)S—K|:§TS+1:|—K|:§S+1] ..............oooooooooooo_lniFnet
y(t) = K[l—e_ij ..°'.. y:(t) =-Ker
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Normalized Unit Step Response -/

Normalized Unit Step Response (u =1 & zero ICs)

ty+Yy=Ku
%
= y(t)=K@0-e 77)
Normalized >
(suchthatast — oo,y —1): %
YO g 4 E
= yn(t)—T—l—e S
Time [t]
Time t T 27 31 47 31T

(1- e't“) 0.6321 0.8647 0.9502 0.9817 0.9933
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Unit Step Response of Stable 1st Order System
Smallest T
Effect of Time Constant t : \
ty+Yy=Ku 1 ¢ — ———
————
= y(t)=K@-e7) 09 :/;//, ///
0.8
Normalized: y(t) : 3 0.7 / / //
= yn(t)z?:(l—e_/f) %0_6 // / -
Lo | s ML/
nitial Slope: s > / / / gy
q S 04 // % Increases
= V(0= S 0, YN
// / l.araest.-Z-
d . 0.2 / / L-arge
— a yn (O) — ; 0.1
Q: What is your conclusion ? 0
The smaller Zis, 0 2 4Time [Sec]e 8 10

the steeper the initial slope is, and the faster the response approaches the steady state.
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Q: How would you calculate the forced response of a Q: How would you calculate the unit impulse
1st order system to a unit pulse (not unit impulse)? response of a 1st order system?
u(t d
0l 5(t)=Su. (1)
— —_—
Time t d
-7 y(t)=—v. ()
Q (Hint: superposition principle ?!) t
u(t)
1
1 , Q: How would you calculate the sinusoidal response
Time t of a 1st order system?
-1
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e |/O Model
y+ay+ay=Dbu+byu
« TF and Pole/Zeros

2
G(s)= 2t pole: p, , = a3 e, Zero:z?% @, =/
s*+aS+a, |

 Stability Condition
a >0 a,>0

« Standard Form of Stable 2nd Order Systems without Zeros

y+ay+a,y=bhu = V+2lay+an’y=Ka’u

where a N by
@, - Natural Frequency [rad/s]
G Damping Ratio ¢ = 211) = 231—
n a'O
- . K — b0 _ bO
K : Static (Steady State, DC) Gain T w? a

n 0 8
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Poles of Stable 2nd O

e Stable 2nd Order Systems without Zeros
V+2Cw,VY + a)nzy = Ka)nzu

Ko K
G S — n —
(<) s’ +2Cw.s+w,° 1 2,26, 4
2
,, @,

* Pole Locations
s’ +2Cw, S+ w,° =0
= P =G, @, -1
— Over-damped ( £ >1)

Two distinct real poles
— Critically damped ( £ =1 )
Two identical real poles at Py, =—Cw,
— Under damped (£ <1 )
Two complex poles at p,, =—Ca@, * ] g)n\/l—iqzj

Real

>

| =
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Under-damped 2
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« Unit Step Response (u=1and zero ICs)

Y(s)=G(s) 1= Keoy __ Kay 0., =—c+ jo
S s(s2 +2§cons+a)n2) s(s—p)(s—p) RN
:K_|_ A& + Ai - , Alz_ﬁ(l_jiJ
S S+o0-Jwy SH+o+ Jo, 2 W,

y(t) — K + Ale(_o-"'jwd)t_l_'z‘le(_o-_ja)d)t

2 Re{A1 J“’“’“’d)‘}

_ K{l—e (COS(‘%W o S'”(w"t)ﬂ

d

. 1<
=K - K e‘“‘sm(a)dt+go), @ =tan™ 3
1-¢72 g
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0.8K

Unit Step Response

0.6K

0.4K

0 1 t 2 3 4 5 6 7 8 9 10 11 12 13 14 15
P Time [sec] [0 S
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Unit Step Response of 2nd Order System

+ Peak Time (tp) * Percent Overshoot (%0S)

Time when output y(t) reaches its At peak time t, the maximum output

maximum value y,,x _ry
—y(t,)=K|1+e /¢
y(t) = K[l—e [cos(a)dt)+ -~ sm(a)dt)ﬂ Ywax y( P) ( j
— The overshoot (OS) is:
Y _ keeor Lsm(a)dt) -1
ft vi=g* OS:yMAX_ySS:Ke o3
Find . ety WRCHKtE A= The percent overshoot is:
oyl =7 0S
- %05 =( )100%
yss —y(0)
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Unit Step Response of 2nd Order System
« Settling Time (t,) Q: Which parameters of a 2nd order
Time required for the response to be system affect the peak time?
within a specific percent of the final
(steady-state) value. Damping ration and natural frequency
Some typical specifications for settling
time are: 5%, 2% and 1%. Q: Which parameters of a 2nd order

system affect the % OS?
Look at the envelope of the response:

1R Damping ratio
X% band settling time:

Q: Which parameters of a 2nd order
t. =—7lIn ( %OO) ~ system affect the settling time?

h—

% 1% 2% 5%

Q: Can you obtain the formula for a
s | 467 | 3.97 3t 3% settling time?

Damping ratio and natural frequency
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@
Y(s) = y
2 2
S + 2ConS + o,
—_ 1 2
with a unity step input P = —G
-1
con2 0 = cos (¢
Y(S) =
2 2
(S + 2.6 op'S + O )-s
1 _Q'O)n't .
y@)=1-—-e -sin(on-B-t+ 6
; ( )
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FIGURE 5.5

Response of a second-order system for an impulse function input.

(a) Transient response of a second-order system (Eq. 5.9) for a step input. (b) The
ransient response of a second-order system (Eq. 5.9) for a step input as a function of £

and o, r. (Courtesy of Professor R. Jacquot, University of Wyoming.)
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asi 6 mPérformanee-of-a-Second-Order-System

M, |——————————

Overshoot

B e —— i——— — —————
0.9 F—=—~-—

vif)

L J (8 T, Time
T Peak settling

: time time Rise Time; Tr
e Peak Time, To

Percentage Overshoot, P.O.
Settling Time, Ts
Normalized Rise Time Trl

Step response of a control system (Eq. 5.9).
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Standard performance measures are usually defined in
terms of the step response of a system. The transient
response of a system may be described using two factors,
the swiftness and the closeness of the response to the My
desired response.

Owvershoot

The swiftness of the response is measured by the rise time
(Tr) and the peak time (Tp).
Underdamped systems: 0-100% rise time is used
Overdamped systems: 10-90% rise time is used

0
L_ _'l T, T, Time
T, Peak Settling
' time time
T,

The closeness is measured by the overshoot and settling Rise time
time. Using these measurements, the percent overshoot
(P.O.) can be calculated.
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M — v
\/
N PO = P 100
e -f\/
Overshoot
Lop—————4f—— , ;
PRl (I | T = 2
| | & on
0.1 ! i i 7TC
L—Tﬂ P‘Ezk Se;‘ing fime Tp — 2
"?T,' time time Q)n - 'J 1 11 q
7T
__ (‘;- =
Mo, =1+ e 0=
TTC
- C-
1—&£°
PO = 100-e
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Performance ot

100 5.00

90 4.80
L Percent 4.60
=]
£ 70 overshoot 440
fla
5 6D 4.20
E Wy T,u -
E 30 4.00 @, T,
2 40 3,580
5 30 3.60
o
290 340

10 3.20

Damping ratio, &

i 3.00
0.0 0.1 0.2 03 04 05 0.6 0.7 08 09 10D

Percent overshoot and normalized peak time versus
damping ratio ¢ for a second-order system (Eq. 5.8).

Naturally these two
performance measures are
In opposition and a
compromise must be made.
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Actual rise ti

Linear approximation
2.164 + 0.60
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versus ¢ for a second-order system.
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14 ] /[ —\-..
» ,/ \m,, — 1 rad/s
-E 10 mUn frﬂ__ra_ f/"" a
il /f 1P
0.6
0.4 /
/

0.2 V
0

0 | 2 3 4 3 G 7 B g 11
Time {seconds)

The step response for { = 02 for e, = | and @, = 10.
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E /// w, = Jradfs
= 06
g
-
0.4
0.2
0
0 (L5 1.0 1.5 2.0 2.5 3.0

Time {seconds)

The step response forw, =5 with{ = 0.7 and { = 1.
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Performance of a Second-Order System

* Mass-Spring-Damper System Q: What is the static gain of the system ?

? Ks a X
? £(0) Q: How would the physical parameters
? 3 (M, B, K) affect the step response of

?
TTTTTTTT 77T the system :

(This is equivalent to asking you for the

|/O Model:

relationship between the physical

MX+Bx+K_x=f(t) parameters and the damping ratio, natural
1 frequency and the static gain.)

1
G() =T Bs <k, w, = | Bs
LM 5
SZ—I—ES—I— KS S = 2 MK
M s
_ Kao,* K :i
s° +2cm. S+ w.? K
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